Abstract -We prove that the set of non-identity generalized Pauli operators on the Hilbert space of N d-level quantum systems, d an odd prime, naturally forms a symplectic polar space W2N−1(d) of rank N and order d. This generalizes the solution (by the author) of a recent conjecture posed by Saniga-Planat (which covers the case d = 2). As an application, we give a new short proof for the existence of maximal sets of MUBs (mutually unbiased bases) in Hilbert spaces of prime power dimension (also including the prime case).
Introduction. -Finite-dimensional quantum systems (also known as multiple qudits) exhibit many interesting properties like quantum entanglement and quantum non-locality and play, therefore, a crucial role in numerous physical applications like quantum cryptography, quantum coding, quantum cloning/teleportation and/or quantum computing, to mention the most salient ones. As these systems live in finite-dimensional Hilbert spaces, further insights into their behavior require, obviously, a proper understanding of the structure of the associated Hilbert spaces. Within the past few years, a lot of activity in this direction has been devoted to the study of so-called mutually unbiased bases (MUBs), where several novel finite-geometrical approaches were employed (see, e.g., [1] [2] [3] [4] [5] , and references therein).
Recall that two orthonormal bases B and B of the Hilbert space C ( ∈ N × ) are mutually unbiased if and only if
for all |φ ∈ B and |ψ ∈ B . It is a fundamental conjecture, with many applications, as to whether the theoretical upper bound + 1 of a set of mutually unbiased bases can only be reached when is a prime power. Very recently, Saniga and his collaborators discovered that completely new vistas open up if, instead of dealing (a) The author is a Postdoctoral Fellow of the Fund for Scientific Research -Flanders (Belgium). E-mail: kthas@cage.UGent.be with a given Hilbert space itself, one considers the associated space of generalized Pauli operators/matrices. They first demonstrated that the operators' space characterizing the simplest non-trivial systems, so-called two-qubits, is isomorphic to the generalized quadrangle of order two [6] and, soon after, they put forward an important conjecture that N -qubits (N > 2) are nothing but symplectic polar spaces of rank N and order two [7] ; this conjecture was proved in full generality by the author in [8] 1 . In this approach, the generalized Pauli operators are identified with the points and maximum sets of pairwise commuting members of them with the lines (or subspaces of higher dimensions) of a specific finite incidence geometry, so that the structure of the operators' space can fully be inferred from the properties of the geometry in question; for example, in the particular case of two-qubits [11] all the distinguished subsets of the Pauli operators, including the famous Mermin "magic" squares [12] , answer to the different kinds of geometric hyperplanes of the generalized quadrangle of order two [6] .
Adopting this strategy, we shall extend the proof of [8] to the general situation of arbitrary N d-level quantum systems, with d being an odd prime number.
It is a corollary of the main result of the present note -cf. Theorem 5.1 at the end of the paper, that when the dimension of the Hilbert space is a prime power, one can easily construct sets of mutually unbiased bases of maximal size + 1 using the symplectic geometry 2 . When is not a prime power, the symplectic space cannot be defined, as the group generated by the generalized Pauli operators is not a p-group (for some prime p). On the other hand, no such sets of MUBs are known to exist in this case of composite dimension. It can be shown however that if such a set of MUBs would exist, then a certain group K can be defined which is very much alike the one we are studying here 3 . This is another motivation for the present note: we hope to gain insight in the structure of that group, so as to eventually obtain that K must necessarily be a p-group.
Symplectic polar spaces. -Consider the projective space
For F one can choose the following canonical bilinear form [14, 15] :
together with all totally isotropic spaces of F [14, 15] 4 . One can also define this space in the underlying 2N -dimensional vector space V (2N, d) over F d using a non-degenerate reflexive alternating bilinear form (which induces a symplectic form on the projective space).
The general Pauli group in N -qudit Hilbert space, d a prime, and W 2N −1 (d). -For the case of N -qubit Hilbert spaces, we refer the reader to [8] . Let d be an odd prime. Let {|s s = 0, 1, . . . , d − 1} be a computational base of
where X d and Z d are defined by the following actions:
where ω = exp(2iπ/d).
The set P of generalized Pauli operators of the N -qudit Hilbert space C d N is the set P of d 2N distinct tensor products of the form
where the σ i k run over the set of generalized Pauli matrices of C d . Denote P × = P \ {I d N }. These operators generate a group P -the general Pauli group or discrete HeisenbergWeyl group-under ordinary matrix multiplication, which has order d 2N +1 .
2 A fact which was known under several other forms -see the conclusion. 3 In, e.g., the paper [13] specific cases of K are considered. 4 A totally isotropic subspace is a linear subspace of PG(2N − 1, d) that vanishes under F .
In the following proposition, [., .] denotes the commutator relation in the group P.
Proposition 3.1:
i) The derived group P = [P, P] equals the center Z(P) of P.
ii) We have Z(P) = ωI d N , so that |Z(P)| = d.
iii) P is non-Abelian of exponent d.
iv)
We have the following exact sequence:
is an element of ωI d N , the latter clearly being a subgroup of Z(P). So [P, P] = ωI d N since a, b, k, l can be chosen arbitrarily. In fact, an easy exercise yields that Z(P) = ωI d N . Clearly, P is non-Abelian and Σ d = I d N for each Σ ∈ P. So the following sequence is exact:
since Z(P) = P and P/P is an Abelian group of order d 2N of prime exponent d.
Remark 3.2:
Note that if d = 2, P is non-Abelian of exponent 4. Now denote the natural map P → V (2N, d) by an overbar. Then the commutator
defines a non-degenerate alternating bilinear form on V (2N, d) , so defines a symplectic polar space W 2N −1 (d).
Here the derived group P is identified with the additive group of F d . Clearly two elements of P × commute if and only if the corresponding points of W 2N −1 (d) are collinear. So, we have proved the following.
Theorem 3.3:
The commuting structure of P "is" that of the symplectic polar spaceW 2N −1 (d).
.
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The general Pauli group in N -qudit Hilbert space, d not a prime. -Let d = 0, 1 be a natural number which is not a prime, and define the generalized Pauli group as before. Then the following can be proved in the same way as for the prime case.
Proposition 4.1:
iv)
where E is an Abelian group of exponent d which is not elementary Abelian.
In this case, however, we shall not get polar spaces, but more exotic kinds of amalgamated finite geometries; this case will, however, require a more elaborative technique to be employed, and will be discussed in detail in a separate paper.
Application: existence of maximal sets of MUBs in Hilbert spaces of prime power dimension. -Our main theorem has direct fundamental implications for Quantum (Information) Theory. We just mention one that seems to be most interesting.
Theorem 5.1: A Hilbert space of prime power dimension admits maximal sets of MUBs.
Proof. Let d be any prime and N ∈ N \ {0, 1}. Every W 2N −1 (d) contains a spread, i.e., a set of (N − 1)-dimensional subspaces partitioning its points [16] . Each such spread corresponds to a maximum set of mutually unbiased bases in the associated d N -dimensional Hilbert space, in the following way. To a spread of
N − 1) which are not contained in Z(P), so that no two such elements are in the same [17] . From Theorem 3.2 of that same paper, the theorem follows. Now let N = 1 (i.e., prime dimension) and d = 2. Then Proposition 3.1 tells us that P is a group of size d 3 and exponent d, and its center has size d -in other words, P is extra-special. In P one can now choose subgroups H i j as above, and again [17] applies. If d = 2, the result is well known (but it can also be derived as above).
Conclusion. -We have demonstrated that the geometry underlying the space of the generalized Pauli operators/matrices characterizing N d-level quantum systems, with N 2 and d an odd prime, is that of the symplectic polar space of rank N and order d, W 2N −1 (d). This finding has many intriguing implications for Quantum (Information) Theory. As one application, we obtained a very short and transparent proof for the well-known fact that a Hilbert space of prime power dimension (d N ) admits maximal sets of MUBs. If d is a prime number, these maximum sets have long been known to exist [18] , yet virtually nothing is known if d is a composite number; it is, therefore, here where our geometric approach is expected to lead to important insights as soon as we have at hand all the relevant finite geometries suggested by the last proposition of the fourth section. * * * The author wishes to thank H. W. Lenstra and M. Saniga for various interesting remarks on a draft of this note.
